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Munich, Federal Republic of Germany
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Abstract. A class of bivariational functionals is derived whose stationary points are pairs
of solutions of the single-particle Schrodinger equation (or Dirac equation, respectively)
subject to so-called ‘complementary boundary conditions’. The formulation of the
boundary value problem is sufficiently general to include matching conditions and Bloch
conditions as well as scattering conditions. It is shown how bivariational translational
techniques may be applied to problems with three- and two-dimensional translational
symmetry (calculation of complex band structures and propagation matrices, scattering
problems).

1. Introduction

Many methods for the calculation of solutions of the Schrddinger equation or Dirac
equation are based on variational principles. If, for instance, the Hamiltonian H can
be considered as a symmetric operator defined on a Hilbert space (%, (|)), it is well
known that the ‘energy functional’ ¢ ~>{¢|(H —E)¢) is stationary for solutions of
(H —E)p =0. In practical applications, however, the boundary conditions imposed
on ¢ are often such that the formal differential operator H cannot be assigned a
domain D(H) such that it becomes a symmetric operator. But in this situation it is
also well known (Courant and Hilbert 1924) that for certain boundary conditions it
is possible to modify the energy functional by adding ‘boundary functionals’ so that
variational methods may be applied as in the symmetric case. The essential idea is
that the boundary conditions are not included in the definition of the domain of H
but arise as part of the Euler equation (so-called ‘natural boundary conditions’).

Nevertheless, there are problems with boundary conditions which cannot be treated
in this way (for example, scattering problems, or the calculation of propagation
matrices). Here, as an appropriate technique, ‘bivariational methods’ may be used;
their feature is to construct a functional (x, ¢ )—J (x, ¢) such that the derivative with
respect to x yields the equation (H — E)¢ =0 and the natural boundary conditions
for ¢, while the derivative with respect to ¢ implies a second (‘auxiliary’) equation
(H — E)x =0 and ‘complementary’ natural boundary conditions for y. Further boun-
dary conditions (‘essential’ boundary conditions) are imposed on y and ¢ by the
definition of the domain of J.

For special applications, both boundary functionals of a single variable and bivari-
ational expressions have already been derived (Kohn 1948, 1952, Leigh 1956,
Bevensee 1961, Schlosser and Marcus 1963, Marcus 1967, Ferreira et al 1974, 1975,
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3084 G Wachutka and H Bross

Sarker and Taj-ul Islam 1975, Lopez-Aguilar 1979). It seems useful to present a
comprehensive class of such bivariational functionals which includes the special cases
and provides new variational approaches for problems which have not yet been treated
in practice; § 4 deals with some of them. The explicit construction of the bivariational
functionals and the formulation of the pertinent variational principle are given in § 3;
the required definitions and notations are introduced and illustrated in § 2. Mathemati-
cal reasoning is postponed to the appendices as far as possible.

2. Formulation of the boundary value problem

Consider the Hamiltonians

H=-A+w (Schrodinger theory; units: A=1, m = ) (1g)
or
H=—-iaV+p+w (Dirac theory; units: A=c=m =1) (1p)
respectivelyt.
It is required to find a pair (x, ¢) of functions which satisfy
Ho =FE¢ and Hy =Ex (with real energy E) (2)

in a region Q of three-dimensional space whose boundary () can be represented as
the union of a piecewise smootht surface F and pairs of piecewise smooth surfaces
Fk,O andFk,l (k = 1, e ,M)

M
N=Fu kL:Jl {(Fr,ow Fr1) (3)

with F o being parallel to and displaced from F, ; by a displacement vector T:
Fk,0=Tk +Fk,1 fork=1,..., M. (4)

The union of boundary surfaces Uil F,, is denoted by S..

In the case where the potential w has three-dimensional translational symmetry
with lattice Gi, &} can be identified with the three-dimensional Wigner-Seitz cell
WSZ5; in this case F = and T, belongs to Gs. As a further case, one may think
of a potential w with two-dimensional translational symmetry with layer lattice G;
then Q will be a ‘column’ WSZ, % (z., zr) whose cross sections parallel to the layer
lattice are two-dimensional Wigner-Seitz cells such that T € G,. Here, F consists of
those parts of 9) which are contained in the planes z = z; and z = zy (see figure 1(a)).

In scattering problems with a localised potential (Kohn 1948), {1 can be chosen
as a large sphere: then Fy o= & and Fi1 = & (i.e. F =0().

+ (i) Schrédinger’s and Dirac’s theories are treated simultaneously here and in the following sections;
subscripts ‘S’ and ‘D’ are used to denote corresponding relationships. (ii) The potential w may be local
(w(r)) or non-local (w({r, ")) in principle, but for simplification the notation w(r) is used throughout
because the generalisation to a non-local w is obvious. (iii) For the Dirac matrices the representation
01 1 0
= ) = I
« <1 0)®” 6 (o —1)®2

is used (o = Pauli matrices; I, =2 X 2 unit matrix).
i For the meaning of ‘piecewise smooth’ refer to appendix 1.
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{a) ()

Figure 1. (a) Boundary of the region () in the case of planar translational symmetry. (b)
Inner partition of ().

It is further supposed that the region () is partitioned into the parts ), = ;‘:1 af’
and Q= 7;1 QP where.QE" ) are bounded domains with piecewise smooth boundaries
such that 3(); = Uf‘:l 30" holds and Qo and Q, are separated by a piecewise smooth
surface § = Qo N 3£}, (figure 1(5)); the potential w is assumed to be continuous within
Qo and ;. For example, in the case of a ‘warped muffin-tin potential’ ), represents
the union of all muffin-tin spheres K (r;; s;) within Q (such that w(r) = Viu(|r — 1)) for
Ir—r;j|<s;), or § can be thought of as being a plane surface separating two adjacent
layers of a layered crystal structure (figure 2).

Figure 2. Region () in the case of scattering at z = z,.

The solutions of equation (2) have to be elements of an appropriate Hilbert space
V and they are subject to certain boundary conditions on § U d{} which can be
expressed conveniently using the following notations. For any domain Q let Lz(fl, c")
denote the set of square-integrable functions ¢ : 0> C" and let W () denote the
Sobolev space consisting of those functions ¢ e L,({}, C") for which all partial deriva-
tives (in the distribution sense) D'y ="y ax ox2ox ¥ with [{|:=1+1,+13<k belong
to L,(Q,C"). Equipped with the inner product {:|')ra defined as
(x1@)ea=Zy<k j}iD'X +D'<p d®r, W () is a Hilbert space.

The Hilbert space V' of which the solutions of equation (2) shall be elements is
defined as

Vi={y:Q->C; glape W Q) fori=0,1;j=1,..., q} ()
with inner product (x|¢) = =;=01 21 (x|@)2.00,
Vi={g:Q->C* ylane W QM fori=0,1;7=1,...,q;} (5p)
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with inner product (xle) = Zi=01 /L1 (x|@)1,00 (¥]g denotes the restriction of ¢
to ).

Note that the Hilbert space V contains all functions which solve equation (2) in
Qo and ), in the classical sense and have a continuous probability density and
probability current in {.

Following Necas (1967, ch2, §4 and ch 3, § 1) a superficial measure o can be
defined along 8Qow 8Q; so for any measurable part I' < 3Q)o U 3Q2, the space Lo(I) is
well defined. The unit normal

(r)= {outward normal to region ); forreS
" loutward normal to region Q@ for r € 3Q\S

(6)

exists almost everywhere along 80 U dQ;. The subspace &€ i={y € V; ¢|qn € € (Q21")
fori=0,1;7=1,...,q) is dense in V (with respect to the norm |-||:=v(-])). For
€ € and « =0, 1 it makes sense to define almost everywhere:

&1_1‘2 (n(r)V)¢ ) forreS
=1 (7a)
lx_:pr (n (V)¢ (r") forresS,
liT (n(PV)*Y(r") forreS
Bolry=1 (76)
r,lirxyr (n(P)V)Y(r" forreF, and Fio=T. +F 1t
anp(r):= 11_13 (n(r)V) g (r") forrekF. (7¢)

As shown by Nedas (1967), the mappings € 3¢ — ;€ Lo(SUS,) and €y —anp e
L,(F) are continuous; hence there exist unique linear continuous extensions on V
(so-called ‘trace operators’). Since no confusion arises these extensions are denoted
by the same symbols dny; and d,¢; it is said ‘¢ € V takes on its boundary values in
the sense of traces’.

The boundary conditions to which the solutions (x, ¢)€ V x V of equation (2) are
subject are divided into two groups. The first group consists of the ‘natural’ boundary
conditions defined by

dneo(r) =t(r)onei(r)

dax1(r) =t(r)*aaxo(r) forre§ws. ®

(a =0, 1: Schrdodinger theory; a = 0: Dirac theory). Here, t(r) is a given complex-
valued ‘transfer function’, bounded almost everywhere (i.e. ¢ € L (S U S})), and chosen
appropriately to the problem. For example, t(r):=1 means that xy and ¢ are con-
tinuously differentiable (or continuous, respectively) at re S, if they belong to the

ti.e. S, is used as parameter space for the arguments of ¢ and its normal derivative on Uk=1 F.0; see
figure 1(a).
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subspace V N %€ (o) n €'(§1) (or V A €°(Qo) n€°({1,), respectively); in the case of
a periodic potential ¢(r):=exp(ikT;) for r € F}, is equivalent to a Bloch conditiont.

The second group comprises the ‘essential’ boundary conditions compelling x
and ¢ to take the following form on the surface F. Let f, and g, be given square-
integrable functions F > C" (with n =2 in Schrédinger’s theory and n =4 in Dirac’s)
and let Uo(F) and Wo(F) be linear spaces of square-integrable functions F > C" such
that

+(0 -1
Lg (; O)f do = L (g4~ g do =0 9s)

for any f = (f©, f) e Uo(F) and g = (g'@, g")T € Wo(F) or

J' g anfdo =0 for any f € Uy(F) and g € Wo(F), (9p)
F

respectively. Then, writing fo = ( O T and go= (ggo), gf)l))T in the case of Schrédin-

ger’s theory, x and ¢ are subject to

e (r)=f6(r)+f(r) (10s)
f =
6‘,’:X(r)=g§)°‘)(r)+g(“)(r) orreFanda =0,1 (11¢)
or in Dirac’s theory
e(r)=folr)+£(r) (10p)
X =g +gry  OTTEE (11p)

where f € Ug(F) and g € Wy(F) are arbitrary. .
Since the trace operators are surjective mappings W5 (Q)s5¢—adcye

W2 (3())t the essential boundary conditions only make sense if the data fy, go,
Uo(F), Wy(F) are such that

fo+t UoF)n WP (FYx W2 (F) = &,

go+ Wo(F)n WP (Fyx WS/ (F)# &, (125
or

fot Uo(F)n W2 (FY* # &,

go+ WolF)n W2 (F)* % @, (120)
respectively.

Boundary conditions of the kind (10), (11) appear in scattering problems (for
example, see Kohn 1948); here f;, and g, stand for the incoming waves, while f and
g represent the scattered waves (and their normal derivatives on F, respectively). The
computation of propagation matrices (Marcus and Jepsen 1968, Bross 1977) also
leads to boundary conditions of the form (10), (11) with an appropriate definition of
fo, g0, Uo(F) and W(F) as will be shown in § 4.1.

It must be emphasised that it is not sufficient to pose the boundary value problem
only for a single function ¢, if variational techniques are to be applied, but it is

t See Kohn (1952), for example.
} See Necas (1967, ch 2, theorems 5.5 and 5.8); the definition of the Sobolev spaces W(zp/ 2 (a(’l) is also
given there.
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necessary to consider pairs (x, ¢) of functions with ‘complementary’ boundary condi-
tions (i.e. the transfer functions of y and ¢ are related by < (t*)™', and the ‘free’
parts f€ Uo(F) and g € Wy(F) satisfy (9), the so-called ‘compatibility condition’) to
ensure the existence of a variational expression J(x, ¢) whose stationary points are
solutions of equation (2) with (8) as natural boundary conditions and (10), (11) as
essential boundary conditions in the usual sense of the calculus of variations. Except
for some special boundary conditions, a functional of a single variable J(¢) would
not yield these properties (Arthurs 1980, theorem 3.1.1).

3. Variational expressions

We now derive a class of variational expressions J: Wx U - C, (x, ¢)—J (x, ¢) which
become stationary only for solutions of the boundary value problem posed above.
Consider the ‘energy functional’

[ WxU-C, 1(X,¢):=J X (H ~E)p & 13)

Nou)y
defined on the affine submanifolds of V

U:={p e V, ¢ satisfies equation (10)} = @0+ U,, (14)
W:={y € V', x satisfies equation (11)} = yo + W,

with some (arbitrarily chosen) ¢o€ U and yoe W (the existence of which is ensured
by condition (12)) and subspaces of V

Us={eeV;(elr dnelr)' € UolF)}, Wo={xeV;Kxln anxlF) € Wo(F)}, (15¢)
or
Uo={p e V; plre UyF)}, Wo={x eV, xlre Wo(F)}, {15p)

respectively. Here ¢|r means the restriction of the trace of ¢ to F. By the definition
(15) the trial functions y and ¢ are subject to the ‘essential’ boundary conditions only
(i.e. their variations must be elements of Wy and Uy), whereas the boundary conditions
(8) are required to arise as part of the Euler-Lagrange equations (i.e. they can be
derived from 87 =0). It is well known (Arthurs 1980, after theorem 2.3.1) that this
can be accomplished by adding an appropriate ‘boundary functional’ K to I. To derive
the general form of K, the first variation &8I is calculated for xe W, ¢ e U, Sx € W)
and 8¢ € Uy, assuming that y and ¢ are solutions of (2) and (8). Hence

81 =J‘ [x & (9,800t 3.6¢1) = 3nx & (B0~ 15¢1)] d0+J (g5 %8¢ — g0 * d.0¢) do,
SUS F
(16s)
§I =i I xoan(8¢o—tdp1) do ~i J goandy do. (16p)
SuUS, F

(Note the correspondence (s, i8.0s) <> (Yu, ¥a) =¥p between the Schrodinger
wavefunction ¢ and its first derivative and the ‘large’ and ‘small’ components ¢, and
4 of the Dirac bispinor ¢p; thus here and in the following expressions the correspond-
ing term in Dirac’s theory can be obtained from Schrédinger’s theory by simply
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substituting

01
i = 0nc*e)= 0 80* (| o) (1 )= -x"ame).
Since J :=I+K is required to satisfy 8/ =0 (i.e. K = —8I), equation (16) suggests
K is a sesquilinear form

K(oe)= j T T 0m )k F)ofea(r) do(r) do(r)

SuUS; J’SUS, p,a=0,1 a,8=0,1

5 ok, rate) do(r) dotr) (179)

JF JFa,=0,1

+ [A()*e(r)+B(r)*d.0(r) +x (r)*C(r)+3,x (r)*D(r)]do(r),
F

K(x,¢)= L s [T a6 Kl Pl dor(r) o ()

SuS, p,a=0,1

p

+ JFx(r)+k(r, re(r') do(r') do(r)

“F

+{ A e +x ) ] do ), (175)

“F

with some suitable kernels ko2, k°®, k,q, k, A, B, C, D. Evaluating the first variation
8K for solutions (x, ¢ )€ W X U of the equations (2) and (8) and for arbitrary variations
(8x, 8¢ ) € Wy x Uy and setting 8I = —5K,, we obtain the result

Kio)=|

SUS,
8001V G, ) lpolr) — (r)p1(r)]

Do, )= 1A Gy )+ X1 @A, ) 8upolr) — 1 (F)na(r)]

+ Do) ) = X1 (P10 B, o) = £ )1 ()]

+[0,x0(F) M (F) = 8k ()T (s P Bnolr’) = £(r)3up1(¢)]} dor () dor(r)

+1 L[(x (F)* + 2 (1) @ (1) = £ (1) = B (r)* + 88 (1))

% (p(r)— £ ()] dor (r) (185)

L {anxolr "6 ) =t )

or

K, ¢)=-i J [xo(r) (@n (r)8(F, 7)Y —t(Mp (F, #) + x1(r) p (7, 7]

SuS, YSUS;

X[@o(r) —t(r)e1(r)] do(r') do(r)

i L[xm* T go(r) Jan (Mo (F) — folr)] do (r), (18)
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respectively, where A, u, p, 7: (SUS)X(SUS)->C (or p:(SUS)X (SuS)->C™*,
respectively) are arbitraryT kernels which can be interpreted as weight functions, and
8(F,7') means the surface distribution ISUSt S W) do(F)y=¢(r) for reSuS,
while vanishing eisewhere.

Note that the volume integrals of the functional J may be altered using Gauss’
integral theorem. For example, J can be represented in a symmetric form as?

Towe)=[  [Tx*Ver(w-Ex"eld’s
Qo
J [ &t =xT)onp1+3.x8 (po—te1)] do
SUS;

] e e - xa e -
SuUS: YSUS,
(19)

X

[ p(F, 7Y, A7) ][ @ol(r') = t(rea(r’)

w7, v 7) nwo(r’)—t(r’)anw(r')]do do

—%J [@ax* + 85" %)@ = f)+ (1 * = g8 *)(9ne +f4)] do + constant
F

or
Toe)=t]  xH-E)edr+i  (H-ExTedY
Qo o)y
-3 L ) [(x1 —txo)ane:+ xian(po—to1)]do
S B =1kl B el = 1)) dor do
SuUS, “SuS,
+3 J- (goang —x "anf,) do + constant, (19p)
F
respectively.

The variational principle for the boundary value problem posed above can be
formulated in the following way.

(1) If (x, ) € W X U is a pair of solutions of equation (2) in {)ou (), satisfying the
natural boundary conditions (8), then 8J (x, ¢, 8x, 8¢) = 0 for any (8x, 8¢)e WoXx Ul.

(2) Conversely, if (x, 9)e W x U satisfies 8J (x, ¢, 8x, 8¢ ) =0 for any (8x, 6¢) €
Wox Uy, then (x, @) is a pair of solutions of equation (2) subject to the boundary
conditions (8).
For the proof, see appendix 1; it is worth mentioning that the second statement is
proven under the weaker assumption 87 (x, ¢, 8x, 8¢) =0 for any (8x, 8¢)e Vox Vy
with Voi={¢ € V: 0 ¢|r = 0} (Schrodinger theory: a =0, 1; Dirac theory: a =0).

T More precisely: the kernels must define linear operators L,(S U S;) = L,(S w S,); 8 has to be interpreted

as identity.
i The form (195) indicates how the domain of J may be extended to functions ¢: {}>C; Ylare W“) (QE”)
for i=0,1; j=1,...,q if the boundary conditions are such that all normal derivatives (which are not

well defined even in the sense of traces in this situation) can be eliminated from the functional J; see
appendix 4.
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The weight functions A, u, p, 7 may be chosen arbitrarily in principle; if the
variations (8y, 8¢ ) are allowed to vary in the whole space Wy x Uy, the result of 87 =0
will be independent of the weights. But if (8x, 8¢) are restricted to some submanifold
of Wy x U, (for example, in numerical applications; see Marcus (1967), Ferreira et al
(1974, 1975), Lopez-Aguilar (1979)), this is not true, and the choice of the weights
will have an influence on the quality of approximate solutions. An analysis of the
weight dependence of approximate solutions often leads to criteria which show how
to choose the weights best.

Some conditions on the weight functions can be obtained by demanding that the
Euler-Lagrange equations derived from 8J = 0 should show the same symmetries as
the initial boundary value problem. Since equations (2), (8), (9) and (10), (11) are
invariant under the transformation

e X, X=e, 1= (%),
(Ua UO(F),fO)'_)(Wy WO(F)’ g0)9 ("V, WO(F)5 gO)'_)(U9 UO(F)! fO)!

the functional J should transform into its complex conjugate under this operation.
As shown in appendix 2 this condition is satisfied if and only if

(20)

AR Y +t() (P, P =8, ), wBENEY+E)TAE, A* =8, P),
p(F, P)t(r) =t(r) " p (7, P)¥, T(F, () =) 1 (7, F)¥, 21
or
pF ) +t(r) o, )T = an(r)s(?, ), (21p)
respectively.
Furthermore, if ' % t*, A and u are uniquely determined by (21s):
AR ) =u (@ P = )+ @) ) TI8E ). (225)

The correspondence between Schrodinger wavefunctions and Dirac bispinors men-
tioned above suggests that the 4 X 4 matrix p (7, #') has the formt

—ips(F, F) I, As(F, F)on ("')]

on (s, 7), —irs, ) (23p)

o7 =]
where I, is the 2 X 2 unit matrix, o are the Pauli matrices and A, us, ps, Ts are complex
valued. Thus a complete analogy between Schrédinger’s and Dirac’s theory can be
achieved, because condition (21p) becomes equivalent to (21g) with Ag, ug, ps, Ts
substituted for A, u, p, 7.

By the choice r =0 and a change of the division of the boundary conditions into
natural and essential ones, the domain of the non-relativistic functional J can be
modified so as to include less regular functions of the class W5 (see appendix 4).

4. Applications and comparison with other work

In this section, some examples are given which illustrate how well known methods
for solving Schrodinger’s equation (or Dirac’s equation, respectively) can be derived

 Weights of the form (23) are used in the RAPW method; for example, see Loucks (1967, with Ag = ug=1;
ps = 1s = 0) or Sarker and Taj-ul Islam (1975, with Ag=ps=0; ug=1; s R).
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from the variational principle stated above. The variational principle can be used to
justify these methods as ‘optimal’ approximation techniques. The way in which these
methods can be generalised, or new variational methods can be established, for
problems subject to more general boundary conditions of the form (8) and (10), (11),
is also shown.

4.1. Calculation of propagation matrices

Let w be a potential with two-dimensional translational symmetry, and let {} be the
‘column’ WSZ, x (z1, zr) shown in figure 1(a). Set F = F| U Fg, where F; (Fr) means
that part of 9} which is contained in the planes z = z; (zr), and look for solutions of
the following ‘initial boundary value’ problem.

Given an energy E and a two-dimensional propagation vector ky find a pair of
functions (y, ¢ ) which satisfy equation (2) in ) and equation (8) (with ¢(r) := exp(ik;T)
for re Fi; and F,o= T, + F;;) and the ‘initial conditions’

3e(r)=f(r)forre Franda =0, 1, x(r =g (rforreFLanda =0,1,
(245)
or
@(r) =fr(r) for r € Fg, x(r)=gulr)forreF, (24p)
respectively.

Of special interest is the value of @ﬁ(plFL and dnx |, i.e. it is required to find a
pair of linear operators P(zy, zr) and P(zr, z,) (‘propagation matrices’) witht

P(zy, zr): WS (F)x WE'P (Fr)» WP (FL) x WS/ (Fy),

‘PiFL f(l(l))
() =Pz (1)), (259)
an‘P'ﬁ. R
Plzg, 20): WE'P (FX WE'P (FL) » WE'? (Fp) x W3'? (Fr),
( X Fa =p 85.0)
- (ZR9 ZL) (1) | »
a"X‘FR gL
or
P(zy, zr): W52 (FR)*» WS/ (FL)*, ¢l = P(z1, 2R)fRs
5 w2 (g (L2 o yd 5 (25p)
P(zg,z0): W3 7 (FL)"» W3 " (Fr)", x|F = P(zr, 21)8L
respectively.

_ Since (t*) ' =1, the problem is posed symmetrically for x and ¢, and therefore
P(zg, z1) = P(zy1, zr) "' holds. The appropriate data f,, go, Uo(F) and Wo(F) are:

(R, RN for re Fy,

folr) = {0 forre Fy,
(265)

_ {0 for r e Fy,

Bolr)i= { &% (r), gt (P for re Fy,

+ See Marcus and Jepsen (1968) and Bross (1977).
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or
_ |fr(®) for r e Fg,
folr):= { 0 forreFy,
(26p)
) ._{0 for r € Fg,
B g forre Fy,
respectively and
Uo(F):={f:F » C" square integrable; f|g, = 0},
(27)

Wo(F)={g:F » C" square integrable; g|r, =0}

(with n =2 in Schrédinger’s theory and n =4 in Dirac’s). By this choice of the data,
condition (24) can be written in the form (10), (11), and the compatibility condition
(9) is satisfied. The |- term of the boundary functional X is given by

| @0 sup—g10) do, (289)
FL
iJ grang do. (28p)
FL
If fr and g are chosen such that
(o ()
gL ) _ (fR )
=P(z,z 29
(56) =Pz (5 (29)
or
L= P(zy, ZR)fR, (291))

respectively, it is accomplished that gi*>’ =3%¢|r, (or gL = ¢|,, respectively) holds. It

can be recognised from (28) that the physical meaning of the stationary value of
J(x, ¢) for x = ¢ satisfying (2), (8) and (24) is merely i# times the probability current
passing the boundary surface Fj.

The ‘propagation matrix method’ first proposed by Marcus and Jepsen (1968) can
be understood as a special case to which the variational principle is applied. The true
wavefunctions (x, ¢) are approximated by a finite planar Fourier series (‘mixed
representation’):

N N
é(r)= ; u;(z) explik)+g;)r], x(r)= _);1 vi(z) expli(ky+g)rl. (30)

Here g;e G5 =two-dimensional reciprocal lattice, r=(r), z), and u;, v;€ V(zy, zr)
defined as

V(zy, zr)={u:[21, zr]> C; u is twice continuously differentiable in (zy, zr);
u and du/dz possess a continuous continuation on [z, zr]; (31g)
d’*u/dz%is square integrable},

V(zr, zr)={u:[z, zr]~ C*; u is continuously differentiable in (zy, zr)

. (31p)
and continuous on [z, zr]; du/dz is square integrable}. P
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It is convenient to define the column vectors

d
wey= (), un(@), 2 @), ) e,
dz dz (320
32
d T
0@)=(i). o2, S e, ) e,
dz dz
u(z)=(ui(z),...,un(z)) e C*, v(z)=(v1(2),. .., on(2)T e C*; (32p)
then the essential boundary conditions can be written as
u(zr) =ur and vizy) =vL. (33)

The ‘best’ approximations ¥ and ¢ have to satisfy 8J =0 under the restriction (33);
the resulting Euler-Lagrange equations are

du/dz = Au and dv/dz = Av (34)
with A being defined as

OIN)
w o/’

A:=—i(IN®az)W1 Wmn(z):=8mn(a(k“+gm)+3—E)+I4wmn(z), (35D)

A= Wonn(2)= Spun (K1 gml* = )+ Wnn(2),  (355)

where Iy denotes the N X N unit matrix, and w,,, (z) are the planar Fourier coefficients

1

wmn(z)::ﬁ

L w(ry, z) expli@. —gm)ri] d°ry (36)
([F| means the area of the two-dimensional unit mesh of G). Equations (34) and
(33) define an initial value problem, which is solved by the fundamental system
P(z, zo) satisfying

3,P(z, z0) = A(2)P(z, z0), P(z0, z0) = In (01 Isn, respectively). (37)

Then u(z)=}3(z, zr)ur and v(z)=13(z, Z1)UL, l.e. ﬁ(z,_, zgr) is a finite-dimensional
best approximation of the operator P(zy, zr).

Note that the method of Marcus and Jepsen (1968) is derived here without
truncating an infinite system of differential equations, but as a necessary condition
for 8/ =0 on a submanifold of W x U and is hence justified as an approximation
procedure. Furthermore, the variational expression can be used to show that the
so-called ‘matching condition’ postulated by Marcus and Jepsen

u(zo+0)=u(zo—0) and v(zg+0)=0v(z0—0) (38)

forany zo € (zL, zr) where A is not continuous arises as a natural boundary condition for
8J =0 (see appendix 3).

It must be emphasised that (38) generally does not hold for the planar Fourier
transforms & = #[x] and i = #[&] of approximate solutions (x, ¢) of the true wave-
functions (x, ¢) obtained by another approximation method, unless the differential
equations (34) are satisfied by © and 4. Therefore, it is not reasonable to postulate
the matching condition (38) in every case, but rather to consider what condition arises
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from demanding 8J =0. The advantage of a variational approach is confirmed by
numerical investigations made by Bross (1982).

4.2. Calculation of complex band structures

Let it now be supposed that the potential w has three-dimensional translational
symmetry with lattice G3=Za;®Za,PZa; and that Q is the oblique column {}=
{r|+¢&as; rie WSZ,, 0<¢ <1} shown in figure 3. Replacing the essential boundary
conditions given in (24) by natural ones given in (8) for r € Fr U F; yields the following
eigenvalue problem (which is closely connected with the problem considered in § 4.1).

Given a real energy E and a real two-dimensional propagation vector ky, find a
complex number k, and a pair of functions (x, ¢) such that equations (2) and (8) are
satisfied with the transfer function ¢ chosen such that t(r) =exp(ikT)) for reF;;
Fl,o =T +F1,1; k.= k||+k_j_ez.

n
z
Figure 3. Region Q in the case of three-dimensional translational symmetry.

Here, there are no essential boundary conditions; instead, one of the ‘left’ or ‘right’
boundary surfaces F; and Fy is contained in S; and is support for a natural boundary
condition. For example, set F; 1:=F; and F;o=as+F; . Since t;:=t|F,, is given by
t1 =expli(ky+ k .e;)as], t; may be regarded as eigenvalue instead of k| .

One possibility to determine ¢, is to calculate the spectrum of the propagation
matrix obtained from the initial value problem (24) (Bross 1977), but in practice this
method involves difficulties, because the planar Fourier expansion will slowly converge
for potentials with singularities. Therefore, it seems reasonable to use the variational
principle 8J = 0 directly in the following way. Approximate y and ¢ by

N N
¢ = jzl Cjs X= jZl Dx;, G, D;eC, (39)
where {¢;; ] e N} = V and {y;; j e N} = V are appropriately chosen. The condition8J =0
yields a linear homogeneous system of equations for C; and D; whose matrix elements
depend nonlinearly on ¢, in general; but since the weight functions A, u, p, 7 in the
functional J can be freely chosen, a linear (generalised) eigenvalue problem for ¢, is
obtained by settingt A =u =p =7 =0 in the F;; integral. Then J separates into the
sum

Jx, @)= Z:, D¥J (x» )Ci — t1D¥B (xi, 01)D: (40)

T Alternatively, to obtain a linear eigenvalue problem for (t1)"' we could choose p=1=0, A(f, /)=
w(i #)=(0)7 '8 7).
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where the boundary operator B is defined as

B(x, ¢)= j GoxEer—xEane) &, (415)

Fia

B(x, ¢)=~i j xoang; d’ry, (41p)

Fi,

and J means the remaining terms of J. The eigenvalue problem

N . N N o N
’; J (e @)Cr=1, 12'1 B{xw, ¢1)C,, kZl J (x> @)*Dy = t¥ kzl B(x«, ¢1)*Dx,

(42)

must be handled carefully because B (x«, ¢;) will be a singular matrix with, generally,
large kernel. Since no physical meaning can be attached to |7,| = o0, numerical and
analytical solutions to (42) must exclude this condition. The formulation of (42)
provides a way to calculate complex band structures (E, k))— k&, by means of linear
eigensystem analysis (for which quite efficient computer programs are available; e.g.
see Wilkinson and Reinsch (1971)) instead of determining the zeros of a secular
determinant (which is done in KkR methods; for example, see Holzwarth and Lee
(1978)).

Since each eigenvalue t; corresponds to a different boundary condition, it is essential
that the basis functions y; and ¢; have sufficient degrees of freedom on F;; and Fi
to satisfy condition (8) for a continuum of ¢, values enclosing the spectrum of (42);
otherwise the subspaces of V spanned by those linear combinations of x; and ¢; which
satisfy the boundary condition (8) on Fi ;U F1,0 could be null for some ¢, in which
case ¥ and ¢ would not represent the behaviour of the ‘true’ solutions x and ¢ at
the boundaries F; ; U Fy o sufficiently well.

The usual way to formulate the problem is the following.

Given a real two-dimensional vector kj and a complex number k,, find a real
energy E and a pair of functions (y, ¢) such that equations (2) and (8) are satisfied
with the transfer function 7 chosen as above. For real k| this is exactly the well known
‘single-cell formulation’ of the band structure problem; since t(r) P =t(r)* for re S,
in this special case, it is not necessary to distinguish between ¢ and y (see equation
(20)), and the variational expression J may be regarded as a functional of the single
argument ¢ = y. Specifying the weight functions A, u, p, 7 yields expressions J(¢)
which have already been derived by many authors for special numerical methods
{Apw method and related methods; see Leigh (1956), Schlosser and Marcus (1963),
Loucks (1967), Marcus (1967), Bross and Hofmann (1969), Bross et al (1970), Ferreira
et al (1974, 1975), Sarker and Taj-ul Islam (1975), Lopez-Aquilar (1979)). For the
non-relativistic case, Marcus (1967) has given the most general functional ¢ —>J (¢, ¢)
with local weight functions (A (7, 7') =A(F)8(F, ') etc), where the trial functions ¢
may be discontinuous for r €S but have to satisfy the Bloch condition (8) for r € S..
Sarker and Taj-ul Islam (1975) used a special form of the relativistic functional J
(see footnote on p 3091) in the RAPW method. Non-local weights (= angular momen-
tum projection operators) were considered by Ferreira et al (1975).

Making use of expression (19), all these methods can be generalised for complex
values of k. in the following way. Introduce the complex propagation vector
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k = (ky, k) and define
Vi ={p € V; dn¢o(r) = exp(ikT))dn¢1(r) forre S;and a = 0, 1}, 439
Vir'={x € V; dnxo(r) =exp(k*T))onx:1(r) forre S;and a =0, 1},
Vi ={p e V; polr) =exp(ikT))¢:(r) for re S},

(43p)
Vi ={x € V; xolr)=exp(ik *T})x:(r) for re Sy},

respectively (i.e. (x, ¢) satisfy the natural boundary conditions for r € S). Since V, < U
and Vi< W the functional VX Vi 3(x, ¢)~>J(x, ¢) € C is a variational expression
which can be used in the usual way (Rayleigh-Ritz method) to get approximations

N N
(ﬁ = 'Zl A}“Pi and i = ‘Zl B,'Xj, Aj, Bi € C, (44)
i= j=

where {¢;; jeN}< V, and {x;; j € N} < V.~ are suitable linearly independent sets of
functions. The condition 8J =0 leads to a generalised linear algebraic eigenvalue
problem of the form

N N
% J tms @)An=E(k) ¥ St ¢0)An

1

N N (45)
Y (s €n)*Bim = E(k)* Y. SGm ¢n)*Br,

withS(x, ¢)=lo xT@ &*rand F (x, ©) =T (x, ¢) + E(k)S(x, ¢), thus yielding the depen-
dence k—E(k)e C. Seeking those values of k, for which Im[E (k)] =0, the ‘complex
band structure’ k— E (k)€ R is finally obtained. In particular, if ¢; and x; are con-
tinuously differentiable or continuous, respectively (e.g. MAPW functions used by Bross
and Hoffmann (1969) and by Bross et al (1970)), the variational expression J reduces
to

T ) = jﬂ [Vx*Ve +(w — E)x*¢]d, (465)

T o) =1 L X (H —E)e dr +1 L [(H-E)x]'¢ &*r. (46p)

This form of the functional proved adequate for numerical calculations of the complex
band structures of Al, Cu and Ni using the complex version of the MaAPw method
(Bross 1976, Bross et al 1979).

4.3. Scattering problems

An important feature of the variational principle 8J =0 is the fact that it also holds
for scattering problems. As a first example a result derived by Kohn (1948) will be
verified.
Let w be a potential, which scatters ‘incoming’ plane waves exp(ikir) (ke R’;
energy E = k}) elastically into ‘outgoing’ waves with asymptotic behaviour:
exp(ikr)

¢ (r) = explikir) + A (K, ) ——— (r = o0) 47)

(here £ means the unit vector in direction of x; k =|ki|; r =|r|). An appropriate
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formulation as a variational problem is possible in the following way: Set Q==K ={re
R: Irl<R} and F:=98(=0dKR (and let R » o afterwards) while Fi.;=Fio=S=J.
Define E(r):=exp(ikr)/r and let for ki, ko€ R’
Uo(F):={f:F >C% f(r)= A(k1, )(E(R), s.ER))";

#— A(ky, 7) is square integrable},

folr) = (explikir), 8,[exp(ikr)])T e WE'? (F)x WE/? (F),
Wo(F):={g:F > C? g(r) = Bk, A*(E(R)*, 3.E(R)";

Frs> Bk, F) is square integrable},

go(r) = (exp(—ikar), 8,[exp(—ik2r)]))T € W2 (F)x W/? (F).

(48)

Then the boundary condition (47) takes the form of equations (10), (11) and the
compatibility condition (9) is also satisfied since

J-F (g(l)*f(o) _g(O)*f(l)) da

= jK B(k;, A (K, 7) do(HR[E(R)3.E(R)— E(R)3,E(R)]=0. (49)

Thus the variational expression is given by
T 0)= | x*H -k dr
Q

+ j lexp(ikor?)3E (r) — b, [explikar)JE (M) -rA (K1, R do.
K,
(50)

In the limit R » o0, the factor multiplying A(k1, #) becomes —47r6(—132, 7) (Dirac
1947) and (50) reduces to Kohn'’s expression

J(x,¢>=j XMH — kY &r—anA Ky, —Ks) (51)

%4

which reveals the physical meaning of the functional J in this case.

As another example consider two semi-infinite media R% x (=0, z,) and R*x (zs,
+00) with common boundary z = z; suppose each of them to have three-dimensional
(either infinitesimal or discrete) translational symmetry when extended to full three-
dimensional spacet. Further, suppose the complex band structures E(k;, k,) have
been calculated for each semi-infinite medium separately (see §4.2), so that for a
given energy F and a given real two-dimensional propagation vector k| the sets {k *"<’;
w=1,2,,...) (for z<zy) and {k™; v=1,2,...} (for z >z,) of complex values of
k., are known. Adopting the notation of Bross (1977), let k™= r)yand bk, r)
denote the corresponding solutions ¢ of Schrddinger’s equation (2) subject to the

+ In this section reference is made to Bross (1977) and free use is made of his results.
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Bloch condition (8). The numeration of the values of k£, will be such that

k*“eReu=1,...,20, k" eRov=1,...,20>
aE (k;, k(f‘<)) { =0&u=1,...,0<

ak(l-‘-:<) S0¢“ =0'<+1,.-.,20-<s
IE (ky, k) {>0<=v =1,...,05,

k™ =0&v=0.+1,...,20%.

(52)

The scattering problem can be formulated as follows. Define ) as column WSZ,
X (2 —c0y Z40) (With 2,02 +00 and z_o—»—c afterwards) which is separated into
Qo= WSZ2%x (2, z,) and Q= WSZ, X (z5, 2,») by the surface S(=intersection of
the plane z = z, with {}). Analogously to § 4.1, set F:=F,UF_, where F.. means
that part of 42 which is contained in the planes z = z..; the remaining part of () is
of the form S,u UM 1Fi0 (see figure 2). Given an energy E and a wavevector &, find
a pair (x, ¢), of solutions of the Schrédinger equation (2) in Qo u ), satisfying the
Bloch condition (8) or matching condition, respectively, on S;uS(t(r)=1 for reS§
and #(r) = exp(ik;T) for r € F};) with asymptotic behaviour

20
o - A (k,<) + a (<)
dzp(r)=08zb(k >, r) u=1z:ia< Aud:blkd ,r)} forreF_o

Z da=0,1
85x (M =03 (k™, M+ Y BLatbk®<,r | T
m=1

o (53)
e =Y CWBbKY,r)
v=1

20,

3x®)= Y Dok, r)

v=14+0s

forreF.e
anda =0, 1

where k €{l,...,o<land A e{l+o, ..., 20} are fixed.
To make equation (53) correspond to equations (10), (11), choose

(b (k(f‘<)9 r)9 azb (k(f‘<), r))T forr EF_w,
0 forre F,o,

b&P,r), 0.6k, )T forre F_o,
0 forreF w,

folr):=
(54)
golr)={

and

20

U0<F>:={f:F->c2;f|F_m= Y AGEED, P, 88k, )T

w=l+o

andflr...= 3 CbKE™,r), 5.7, % A, Coec), (55)

WolF)={g:F>Cglr= ¥ Bub(k™, 1), 8.k, )T

20,

andglr,.= Y Du(b<k‘f->>,r),a,b(k&”'”,r))‘";BM,Dvec}.

v=1+0-
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The compatibility condition (9) is also satisfied because

j [:0 (k57 P)*b (k27 )= b (k™ P)*a.b(k 7, 1] d*ry=0

+ac

forve{l+o>,...,20-}andpe{l,..., 0},
(56)

j [9:6 (k= )*b(k T, 1) = b (k'™ rY*a.b (kT 1)) d%r =0
forpe{l,...,o<tandre{l+o.,..., 20} (see Bross 1977, equation (2.31)).
Note that not y but x* is to be interpreted as a solution of a real scattering problem
(see figure 4). As above in Kohn'’s expression, the [ term of the boundary functional
K has a simple physical meaning because

3 J.F [(x*+g6 %) 8ne —f0 ) = @x*+80 ¥ —fo )]do

= A, J [0:6(k %7, Py*o (kS 1) =b (™™, )*a.6(k ", 1] dr,
i.e. the factor multiplying the scattering amplitude A, is ‘i times the probability current
of b(k™=, r) passing F_«’.
The practical application of the variational formulation of the scattering problem
to the case of a stacking fault was successfully demonstrated by Bross (1981, 1982).

® ® 1 ®

~ &2:: o] —>
— —2 Gpel = : >
1/' B <___&<___—U>02--D
2 &( 0> +2 — N
U<¢1 . .
Oc+2 2-6, )\/'[\20> -
. os A ~— e
. ~a e
20

Figure 4. Schematic representation of the incoming and scattered waves contained in the
wavefunctions ¢, ¥ and x*.

5. Summary

Considering a class of boundary value problems arising in Schroédinger’s or Dirac’s
theory of single-particle states, a family of variational expressions has been derived
whose stationary points are solutions of the corresponding boundary value problems.
These variational expressions represent a generalisation of previous results obtained
by other authors for special applications. It is shown that the given formulation of
the boundary conditions is sufficiently general to include scattering conditions, gen-
eralised Bloch conditions, or initial value conditions connected with the propagation
operator method. The variational principle may be used to derive necessary conditions
for approximate solutions of the boundary value problems and thus enables the
application of the Ritz method and other numerical techniques. Because the given
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formulation contains some weight functions controlling the behaviour of the trial
functions at the boundaries, it is possible to stress or to relax the natural boundary
conditions for approximate solutions by specifying these weights appropriately and
to examine the quality of the approximation by varying them.

Appendix 1. Proof of the variational prinxiple

The first part of the proof is based on results presented by Necas (1967) whose
notation will also be used here. Let .4 denote the class of bounded domains {
such that the boundary a€) is described by local maps which have Lipschitz-continuous
derivatives up to order k (Necas 1967, ch 2, § 1.1). It is supposed that any bounded
domain Q" of the partition @ =2, Qf’ UL, 0 has a ‘piecewise regular’ boun-
dary in the following sense (Necas 1967 ch 6, § 1.3). Let ) be one of the domains
QY then

(i) there exist Qe M@ such that ) = ﬂ, Su;

(i) Qen

(i) if Ay = mtenor of aﬁ, A a{) (with respect to aﬁ), then A;n Ay = forl #k,and
the superficial measure of BQ\U i=1 Ay is zero;

(iv) the sets F naQ), Fkonaﬂ kaan S a3 are of the form Uer A with
L<{l,...,p}

If T is a measurable subset of 3{)g Ud(); and ¢ belongs to V (refer to definition
(5)), ont;|r means the restriction of d7¢; (= boundary values in the sense of traces) to
I" (understood as element of L,(I")).

The above assumptions are sufficient to ensure that Gauss’ integral theorem holds
(Necas 1967, ch 3, § 1.2) and that the following lemma is true.

Lemma. Let V, be defined as

Vo={y eV ylr =04 =0}, (Al.1s)
Vor={¢e V;¢lr=0}, (Al.lp)
and let the operator Tr be defined as
V 3¢ Tr &= (o|suse Y1]suse Inbolsuse dndilsus) € LS USH?, (Al.2¢)
Vay—->Tr¢ = (¢o|sus, l/h‘sUs,) eLy(S US:)S- (Al.2p)

Then Tr(V,) is dense in L,(S U Sy)* (or Lo(S U SY)®, respectively).

Proof. Let ) be one of the domains QE”, let
Vo)) = {y € WE (Q); ¥lrron = 8ut|Frea =0}, (A1.35)
Vo)) :=1{y e W5 (Q); ¢|rroe =0} (A1.3p)

and let "= (aQou 3Q\F) o). It is sufficient to show that VO(Q) s (Y, d.¢|r) €
LT ) (or Vo(n)alﬁ’—')l,l"rELz(F) , respectively) maps Vo(f)) on a dense subset of
L(I)? (or Ly(I)).

In the case of Schrodinger’s theory, let (2, V) be an element of L,(I")>. There
exist L, M {1, ..., p} such that 80 ~ F\,.,; A; and T\, ., A, are sets of superficial
measure zero. Let x; denote the characteristic function of A;; then A" =S emhi®
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with A —h(a)x, {which is considered as an element of Lz(aﬂ)). Following Necas
(1967, ch 6, § 1.3) there exists a sequence (h,k s AR ken < W(zl)(afl)x wib (af)) with
supp(h,k))CA, which converges to R AP in the L, norm. Since W5/? (af)) is
dense in WY () (Necas 1967, ch 5, §4.5), A%Y can be approximated by k(Y €
we? (a()) with supp(h,k Y= Ay so (h(o) Ry is approximated by B, A kens
wg» (aﬁ)x w2 (50) in the L, norm. Now, there exists a sequence (Y )ken<
W (Q)) such that 85y = ks’ on 8Q) (Netas 1967, ch2, § 5.7). Set Y =3 cmin €
W (€)); then supp(8un) © U ear At = T e ¢k € Vo(Q)) and (i |r, 8nic Ik enconverges
to (%, AV in Lo(D)%.

In the case of Dirac’s theory, heL,(I)* is approxlmated by (Riemhu)rken<=
w/2(T)* with supp(hu) < A, There exists gy € W5 Y (€)) with gy = hy on 39); so the
trace of ¢ = Sicprthn € WY (Q) has its support within ' (i.e. (¢x)ken< Vo(€)) and it
converges to A in Lo(D)".

For the following part, it is convenient to define the inner products

(1)1 VxV-C, (xlp)= L . x e dr (Al.4)
and
[ BLaS USI LS USY'»C,  [xlel=3 L _xiedo, (AL.55)
2
[} LS USI XLy(SUSY = C, [0 X2l 02))i= 2 L ,Xi e don
' (A1.5p)

and the linear operators L,(S U S) > Lo(S U S,):
)= [ k7o) do(@)
SuS:

for k7, 7Y e{AF ), n(F 7'), p (7, 7), 7(F, )},
to(r):=t(r)e(r), anp(r)=an(r)e(r). (A1.6)
Then 87 can be written for (x, ¢)€ W X U and (8x, d¢) e Wox Uy as

_ T
(C<8n:§— ;(gnlcpl)) ]

87 =<5X|(H—E)<P)+<(H“E)X|3(P>+[(5Xo, 8X 15 9x8X 0, IndX1)

+ T

—t

+[(D( Tl xe ) l(awl,sgoo,anam,ana%)]
8nXl_t an)(O

+%L [6x*Gnp ~F3) = 8.8 * (@ — )] dor

+%J{(5X -g"™be ~ (x*— g6 *)d.b¢]do (Al1.7s)
F
where
tp A =1 t'p” 1—tTu™
=2 M1 b= "
11—t tr
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or
8J = (8x|(H —E)¢)+{(H — E)x|8¢)+i[(8x0, 8x )I(C(po—t¢1))7]
+i[(D(x1— t+Xo))T|(5¢1, 8¢0)]

+4i [ sx*an(o~fo) do~4i [ (" gi)ansp do (A17p)
F F

where

cm(TMHR), (T,
—p —-p
respectively.
Since
(<P IF —fg))’ an(PlF —ff)l))Te UO(F)’ (6¢|Fy anS(PlF)Te UO(F)? (Al 8 )
BRI

(XlF _gg)O), anX‘F _gg)l))Te WO(F)’ (6X|Fa an5X|F)T€ WO(F)a

@|r —foe Uo(F), d¢|r € Uo(F), x|r—go€ Wo(F), 8x|r € Wo(F),

(A1.8p)

the (- term in equation (A1.7) vanishes due to condition {9). Hence, if it is assumed
that (y, ¢) satisfies (2) and (8), then 6J =0.

Conversely, if 8J =0 for any (8x, 8¢) € Vo X Vo Wi X Uy, consider the restricted
variations {(8x, 8¢)e V. :={(6x, 8p)e VoxX Vy; (8x, 8¢) satisfies (8)}. Then &6J=
(8x|(H —E)¢)+{(H — E)x|b¢) for (6x, 8¢) € V,, and since V, is denset in L(Qgu )
one obtains (H—E)e =(H—-E)x =0 in QU Q,. Substituting this result in (A1.7)
and choosing (8x, 8¢ ) € VX Vy, the condition 8J =0 yields
T

— L
[(@x0. 851, w0 200 | (c(, 071" 1)) ]=0,
an¢0_tan¢l
o T (A1.95)
[(5€01,5<P0, ana(Pl, 3,,5(90) (D( X1 +XO >> ]:O’
dnx1—1t dnXo
[(8x0, 8xDI(C(@o—t01))T]1=0, (81, 80D (x1—t"x0)"]=0. (A1.9p)

According to the lemma given above the boundary values 4;78¢; and 3,8y; have a
range which is dense in L,(S U S,); hence

C(anzz _ :(g:qo 1) =0, D (aii _ ;:;(OXO) =0, (A1.10)

Cleo—tp)=0,  Dl1—t"x0)=0. (A1.10p)
Since the operators

Sl ST B R )

A=(-an,—ant),  Bi=(-an,—an") (Al.11p)

# Note that €5 (Q U)X €5 Qou ) V, c Ly(Qeu Q) X Ly(Qo U Qy); €2 is dense in L, (see Mikhlin
1970).
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have the property
AC=BD=1

(A.12)

it can be concluded from (A1.10) that (y, ¢) satisfy the natural boundary conditions

(8).

Appendix 2. Condition for symmetric Euler-Lagrange equations
Using the definitions (A1.4), (A1.5) and (A1.6) J can be written as
J=J [Vx*Ve +(w—E)x*e]d’r
Qoudy
+[{(x0s X15 8nX 0y 3nX DT (1)(@0, @1, 8n00, 8,01) )]

-3 L[(anx* +86 )@ —fO)+ (¥ =80 %) (Bne +£0 )] dor

where
" tp —ipt tA t(1=-Ap)
- t -A Ar-1
T(t):= p g
11—t tut—=1) ¢ —trt
73 —pul -T Tt
or

J=5x|(H —E)e)+3(H — E)xle)+[(xo, x (T (t)(@o, 1)) 7]
+5i J (goane —x " anf,) do
F
where

T(): <tp - gan ant — to()
=; ,
—-pP pt— 2€m

respectively. Under the operation (20) J is transformed into
f=J [Vo*Vx +(w—E)e*x1d*
Qo)
+ [(qua L1, an‘POy an(Pl)‘(T((t+)_l)(XOs X1s anX(), anXl)T)T]
J. (@™ +£6 ) —80") + (0¥ = f6*)(0ux +80")] da,
=Hel(H - E)x)+X(H - E)elx)+ (@0, e )T (t) N xo, x1))']
+%ij (foany — ¢ ango) do.
F

The requirement J =J* yields
T )=T@)"

(A2.15)

(A2.1p)

(A2.25)

(A2.2p)

(A2.3)
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which is equivalent to
A+t =1, put+t AT =1, pt=t""p"; mt=t""r", (A2.4¢)
pt+t p* =an. (A2.4p)

If t*#¢7%, A can be eliminated from (A2.4s):

ut— (Y Y ==
P ) = e w @ AEE) T =) - () T8 E )

tr)—(t(r)H™
L)t (r) = @) 7 (e (r)*)”

=(t(r)+ (e H T8 E P,
Le.w =@+ HHL (A2.55)

Sulf, )= 1 8(F, 7)

-1 + 1

Because A =(1—¢" ")t , it can be concluded that A = .

Appendix 3. Derivation of the ‘matching condition’

Let S be the intersection of a plane z = zo(z. <zo<zr) With ( and let ¥ and ¢ be
of the form (30) but now with planar Fourier coefficients u; and v; belonging to

V(zL, 2o, zr) ={u:[zy, zr]> C";
ul[zl_,zoje V(ZL: ZO)’ u|[zc‘,zR]e V(Zo, ZR)}-

Then 87 =0 implies equation (34) for z; <z <z and zo<z <zg with initial values
(33), if only such variations 8¢ and 8¢ are chosen which are continuously differentiable
{or continuous, respectively) at z = z, (i.e. vy, Suje V(z,zr) < V(zL, Zo, Zr)). S0(34)
may be inserted into 8J. With 8v; and 6u;, € V(z1, zo, zr)\V (2L, zr), then only the § Is
term is left, yielding:

p A-1

-5 =i

1—p % (u(zo+0)—u(z0-0))=0,
i -

ﬁ+ _ﬁ+

—-p ;2+

e (v(Zo+0) v(z0—0))=0 (A3.1¢)
1 X+ AT

or

I p
(”®“ ) (u(zo+0) - u(z0=0) =0,

A+

<I~®Zz A+)(u(zo+0) 0(z0—0)) =0, (A3.1p)
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respectively. Here A, (, §, 7 are of the form £ with matrix elements

Py

1
R = j J expl—i(ky+gm)rilx (ry, r1) explilk;+g,)rj] d°r d°r). (A3.2)
\F| Js Js

Obviously the ranks of (A3.1s) and (A3.1p) are 2N and 4N independently of the
weight functions A, u, p, 7; so (A3.1) is equivalent to the matching condition (38).

Appendix 4. Extension of the non-relativistic variational expression to functions of
class W&”

The variational principle can be extended to a larger class of functions in the following
way. Let V be defined as function space

Vi={y:0->Ci¢lane Wy (Q)fori=0,1;j=1,...,q} (A4.1)

The boundary conditions ‘6neo=tdne; and dnx1 =t*dnxo on S US,’ are regarded as
essential boundary conditions for @ =0 and as natural boundary conditions for « = 1.
Thus, choosing 7 = 0, the j’5usl-terms in equation (19s) vanish.
For the boundary conditions on the surface F, three special cases are considered.
(1) Ug(F)={0}and Wy(F)= L,(F)*. Thene F= fBO) is an essential boundary condi-
tion and d.¢|r =fy  is a natural boundary condition; d5x|r is not subject to any
boundary condition. The variational expression J is given by

T=[ [ Ve+w-Enteldy - [t g (A4.2)
Doy F

with domain {(x, @) € VX V; ol =£5, ¢o=te; and x1 =t*xo on S US}.
(i) Uo(F)= Wo(F)={0}xL,(F). Then ¢lr=fy" and x|r =g are essential
boundary conditions. The variational expression is

J=J [Vx*Vo +(w—E)x*e]d’r (A4.3)
o)y
with domain

{6 0)eVxV;ole=£0" xlr =80 ¢o=te1 and x1=t*xo on S U S

Qi) UoF)={(f", fTeL,(F)  fV=u(f?), [VeUnF), WoF)=
{@”, g TeL,(F)*; gV =w(g"?), g% e Weo(F)} where Uyo(F) and Woo(F) are linear
spaces such that W/? (F) < Ugo(F) = Lo(F) and W3/? (F) < Woo(F) < Lo(F) and u, w
are injective linear mappings u:Uqo(F)—> Lo(F), w:Woo(F)->Ly(F) such that
[eIw(@*F@ =g *u(f )] do = 0 for £V e Ugo(F) and g'” € Woo(F). Then the boun-
dary conditions (10), (11) can be written as

e =10 +ule 1), dx =80 +wx—gd); (A4.4)

these have to be regarded as natural boundary conditions for the variational expression

J=J [VX*V¢+(W—E)X*4>]d3r—J (86" *¢ +x*f0"1do
ouly F

-3 JF[W(X -8 @ —fo)+(x*—go Mule —5))]do (A4.5)

with domain {(x, ¢)€ V X V; @o=te1 and x1 =t*xo on S US,}.
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For example, the scattering condition (47) can be rewritten in the form (A4.4)
with Ugo(F) = Woo(F) = L1(3KR):

w(fO=ikf®  and  w(g®)=-ikg® (A4.6)

(i.e. in the form of Sommerfeld’s ‘radiation condition’ (Sommerfeld 1947)). The
variational expression is

7= x"Ve+(w-Enxreldr- |
Kr

oK,

{8,[exp(ikor)]e + x *8,[exp(ik,r)]} do

—ik J [x* —exp(ikr) e —exp(ikir)] do (A4.7)
aKgp

defined on W (Kr)x W (Kg).
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